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Introduction  

 

The Joint Committee for Guides in Metrology (JCGM) in 2008 published a 

supplement guide JCGM 101[1], titled Evaluation of measurement data — 

Supplement 1 to the “Guide to the expression of uncertainty in measurement” — 

Propagation of distributions using a Monte Carlo method. This is a revolutionary 

document which brings in the application of computer simulation into the subject of 

measurement uncertainty (MU) evaluation. It is intended to give added value to the 

GUM (JCGM 100) [2] method by providing guidance on alternative aspects of 

uncertainty evaluation which have not been explicitly dealt with in the GUM.  It is 

another top down MU approach which studies the overall method performance, i.e. 

looking at the probability distribution functions of the uncertainty components 

(budgets) through computer simulation.  

 

Another main reason for creating such a supplement is that the traditional GUM 

method has been found to be tedious in the estimation process, particularly for 

testing laboratories. This is because unlike calibration and physical measurements 

which are directly achieved with one or two steps, testing procedures have more 

steps to be followed and each step might contain a few uncertainty components to be 

considered. 

 

JCGM states in this guidance document that the described Monte Carlo method is a 

practical alternative to the GUM uncertainty framework, particularly giving value when 

(a) linearization of the model provides an inadequate representation (e.g. nonlinear 

model), or (b) the probability density function (PDF) for the output quantity departs 

appreciably from a Gaussian (Normal) distribution, or a scaled and shifted Student’s  

t -distribution, e.g. due to marked asymmetry. 

 

In case (a), the estimate of the output quantity and the associated standard 

uncertainty provided by the GUM uncertainty framework might be unreliable, whilst in 

case (b), unrealistic coverage intervals (a generalization of “expanded uncertainty” in 

the GUM uncertainty framework with a coverage factor of 2) might be the outcome. 
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The Monte Carlo method – what and how? 

 

Monte Carlo simulations are named after the Monte Carlo Casino, a famous 

gambling hot spot in Monaco, since chance and random outcomes are central to the 

modeling technique, much as they are to games like roulette, dice and slot machines. 

The technique was first developed by a mathematician Stanislaw Ulam. 

 

A simplified definition is that Monte Carlo (MC) methods are methods for simulation 

of mathematical models in which random numbers are involved. The MC methods 

are called stochastic techniques. The word stochastic is an adjective in English that 

describes something that was randomly determined. We can find these MC methods 

being applied in everything from economic forecasting to nuclear physics to 

regulating the flow of traffic.  

 

Hence, the Monte Carlo method is a technique which involves using random 

numbers as inputs and identified probability functions to solve problems. Before we 

discuss the Monte Carlo simulation (MCS) further, let’s understand what a computer 

simulation is all about. 

 

Computer simulation uses computer models to imitate real life or make predictions of 

an event.  If we have a model with some mathematical equations, we can use a 

spreadsheet such as Excel or some statistical software like Matlab or Minitab to 

insert a certain number of randomly selected input parameters (like standard 

deviation) to give a set of outputs or response variables. Such model is usually 

deterministic, meaning that we get the same output results no matter how many 

times we re-calculate them.  

 

A Monte Carlo method can thus be loosely described as a statistical method used in 

simulation of data, whilst a simulation is defined to be a method that utilizes 

sequences of large number of random numbers as data. This method is often used 

when the model is complex, nonlinear, or involves more than few uncertainty 

parameters.  A simulation using a computer can typically involve over 10,000 

evaluations or more of the model to provide approximate solutions to the population 

of interest. 

 

By doing so, MCS can be a good way to establish the validity of a statistical formula 

at its basic. This can usefully complement the theoretical approach of traditional 

statistics. In particular, an expression for the estimate of the population variance can 

be established from theoretical considerations. MCS can be effective in comparing 

actual and theoretical values for the estimate of the population variance.   
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How does MCS apply to our laboratory measurements? 

 

In short, a measurement model can be described in Figure 1 below. 

 

Figure 1 :  Model of a measurement process 

 

 

 

 

 

 

Each Xn is characterized by a probability distribution function (PDF) and the output 

PDF will be dependent on the measurement model, as shown schematically in Figure 

2: 

 

Figure 2:  An example of three uncertainty budgets with known PDF  
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In the above model, the contributors X1, X2 and X3 can be of any probability 

distribution functions (PDF) (e.g. normal, rectangular, triangular, Poisson, etc) and 

the ‘deterministic’ model has a function of these contributors in terms of an equation, 

giving an output Y with a PDF resulting from the inputs.  This PDF for the output 

quantity describes the knowledge of that quantity, based on the knowledge of the 

input quantities, as described by the PDFs assigned to them.   

 

Once the PDF for the output quantity is available, that quantity can be summarized 

by its expectation, taken as an estimate of the quantity, and its standard deviation, 

taken as the standard uncertainty associated with the estimate.  Furthermore, the 

PDF can be used to obtain a coverage interval, corresponding to a stipulated 

coverage probability, for the output quantity. 

Input 

quantities 

 X1, …, Xn 

 

Model Y = 

f(X1, …, Xn) 

Output 

quantity Y 

X1 

X2 

 

X3 

 

 

 Y = f(X1,X2,X3) 
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We make use of computers equipped with various PDF random number generators 

to create thousands or tens of thousands of data to fit the model equation. 

 

Readers who are familiar with the Eurachem/CITAC Guide CG4[3] on measurement 

uncertainty for testing can look up its Appendix E3 with a simple Excel spreadsheet 

examples illustrated. It presents the MCS technique with detailed step-by-step 

manner. In this case, the results obtained by both GUM and MC approaches have 

been shown quite similar.  

 

How to use MS Excel spreadsheet to carry out a Monte Carlo Simulation? 

 

A statistical software to generate such vast number of random numbers, such as 

Matlab®, based on a given probability distribution function can be employed.  An 

Excel spreadsheet, which has also a random number generator function “=RAND()”, 

can also be used to carry out such calculation although it has a limited number of 

inputs, with a maximum of 48576 rows.  However, for practical purposes, these 

inputs are already good enough to display the probability distribution in question. 

 

For example, given a mean of 35.5 and its standard deviation of 2.3 under the 

normal distribution function, some 48574 random data based on the Excel 

function “=NORMINV(RAND(),35.5,2.3)” can be generated as shown in Table 1: 

 

Table 1: Random data generated under normal distribution 

 

Series  Data  

1     33.1849  

2     38.6867  

3     34.9856  

4     34.9793  

~     ~  

48572     38.1210  

48573     29.5783  

48574     34.1466  

 

A histogram (Figure 3) is then generated using the Excel Data Analysis tool tab to 

calculate the frequencies of occurrence as shown in Table 2: 
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Table 2:  The histogram table based on the data from Table 1 

 

Bin Frequency Bin Frequency Bin Frequency Bin Frequency 

26.5 3 31.5 743 36.5 3960 41.5 207 

27.0 4 32.0 1061 37.0 3595 42.0 118 

27.5 7 32.5 1649 37.5 3134 42.5 67 

28.0 7 33.0 2092 38.0 2587 43.0 33 

28.5 37 33.5 2630 38.5 2113 43.5 15 

29.0 57 34.0 3129 39.0 1555 44.0 7 

29.5 100 34.5 3637 39.5 1135 45.5 6 

30.0 184 35.0 3806 40.0 776 More 1 

30.5 315 35.5 4295 40.5 512   

31.0 524 36.0 4185 41.0 288    

 

Figure 3:  A histogram chart generated from data in Table 2 

 

 

  

For a rectangular probably function where the uncertainties are given by maximum 

bound within which all values are equally probable, we also can use the Excel 

spreadsheet to plot its data spread as illustrated below. 

 

For example, for a given mean of 100 with an upper bound limit (UL) of 104 and a 

lower bound limit (LL) of 96 (i.e. uncertainty of +4), the function “=96+(104-

96)*RAND()” can be used to generate thousands of random figures bounded by 96 

and 104, as shown in the following chart which has accumulated some 1800 data: 
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Table 3: Random data generated under rectangular distribution 

 

Series Data 

1 96.077 

2 103.419 

3 100.317 

4 96.077 

~ ~ 

1797 101.021 

1798 99.421 

1799 99.567 

1800 99.121 

 

Figure 4: A chart showing the rectangular distribution data 

 

 

Conclusion 

The Monte Carlo method uses computer to generate huge random numbers of stated 

distribution which allows to estimate the population mean values of the input 

quantities for the calculation of its final output quantity. It is a method for a ‘predictive 

uncertainty’ which is iteratively evaluating a deterministic model using sets of random 

numbers as inputs.  This method is often used when the model is complex, 

nonlinear, or involves more than just a couple uncertainty components.  A simulation 

can typically involve over 10,000 evaluations of the model, a task which in the past 

was only practical using super computers.  Today, any desktop computer can do the 

job easily.  
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